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ABSTRACT
In the continuum the Bianchi identity implies a relationship between different components of the curvature
tensor, thus ensuring the internal consistency of the gravitational field equations. In this paper an exact
form for the Bianchi identity in Regge’s discrete formulation of gravity is derived, by considering appropriate
products of rotation matrices constructed around null-homotopic paths. It implies an algebraic relationship
between deficit angles belonging to neighboring hinges. As in the continuum, the derived identity is valid for
arbitrarily curved manifolds, without a restriction to the weak field, small curvature limit, but is in general
not linear in the curvatures.
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1 Introduction
In this paper we investigate the form of the Bianchi identities in Regge’s [1] lattice formulation of gravity.
The Bianchi identities play an important role in the continuum formulation of gravity, both classical and
quantum-mechanical, giving rise to a differential relationship between different components of the curvature
tensor. It is well known that they simply follow from the definition of the Riemann tensor in terms of the affine
connection and the metric components. On the one hand they ensure the consistency of the gravitational
field equations in the presence of matter. At the same time they can be regarded as a consequence of the
gauge invariance of the gravitational action, since they can be derived by invoking the invariance of the
action under infinitesimal local gauge transformations [2].
In this paper we will show that the lattice formulation of gravity has an equivalent form of the Bianchi
identities, which are both exact, in the sense that they are valid for arbitrarily curved lattices, and reduce
to their continuum counterparts in the weak field limit. We will derive the lattice Bianchi identities in
three and four dimensions explicitly by considering the product of rotation matrices along paths which are
topologically trivial (i.e. reducible to a point). By expressing the rotation matrices about each hinge in
terms of the local representatives of the curvatures, namely the deficit angles, we will obtain an algebraic
relationship between deficit angles, area and volumes pertaining to neighboring simplices.
For lattices which are close to flat, it will be shown that the derived identity is analogous to the Bianchi
identity in the continuum, once the edge lengths are identified with appropriate components of the metric
in the continuum. We will therefore extend and complete previous results on the lattice Bianchi identities,
which so far only considered the weak field limit [1, 3, 4, 5].
It is well known that in the continuum the Bianchi identity for the curvature tensor ensures the consistency
of the Einstein field equations. For the Riemann curvature tensor the uncontracted Bianchi identities read
Rµναβ; γ + R
µ
νγα; β + R
µ
νβγ; α = 0 , (1)
or more concisely
Rµ
ν[αβ; γ] = 0 , (2)
where [· · ·] denotes symmetrization. Thses identities are easily derived by inserting into the above expression






+ · · · . (3)












uncontracted Bianchi identities, and thus 3 identities in d = 3 and 24 identities in d = 4.
In their contracted form, the Bianchi identities imply for the Ricci tensor
Rνα; γ −Rνγ; α + Rµνγα; µ = 0 , (5)
and for the scalar curvature
R; γ − 2Rµγ;µ = 0 . (6)
These relations in turn give the contracted Bianchi identity
[
Rµν − 12 δµν R
]
; µ
= 0 , (7)
which always corresponds to d equations in d dimensions. A simple physical interpretation for the Bianchi
identity in terms of a divergence of stresses was given in [6]. Thus for example in three dimensions one has
P µνi; i = 0 for P
µ
νi ≡ ijkRµνjk . (8)
It is also well known that the Bianchi identities are required for ensuring the consistency of the gravita-
tional field equations. Consider the classical field equations with a cosmological constant term,
Rµν − 12gµνR + Λgµν = 8piG Tµν , (9)
with Λ = 8piGλ the cosmological constant. Applying a covariant derivative on both sides one has
[
Rµν − 12 δµν R
]
; µ
= 8piG T µν; µ, (10)
which for a conserved energy-momentum tensor,
T µν; µ = 0 , (11)
is only consistent if the contracted Bianchi identity of Eq. (7) is identically satisfied.
In d dimensions one has d contracted Bianchi identities. Since there are in general d(d+1)/2 equations of
motion, as well as d harmonic gauge fixing conditions, one obtains for the number of independent gravitational
degrees of freedom in d dimensions
d(d + 1)
2
− d − d = d(d− 3)
2
(12)
which gives correctly two independent helicity states in four dimensions, as appropriate for a massless particle
[2].
There is also a close relationship between the Bianchi identity and the gauge invariance of the gravitational
action. We shall take note here of the fact that the Bianchi identity can be derived from the requirement
that the gravitational action





g(x) R(x) , (13)
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being a scalar, should be an invariant under infinitesimal local gauge transformations at the space-time point
x,
δgµν(x) = −gµλ(x) ∂νχλ(x)− gλν(x) ∂µχλ(x) − ∂λgµν(x) χλ(x) . (14)













one obtains again, after integrating by parts, the contracted Bianchi identity of Eq. (7).
In a d-dimensional piecewise linear space-time the expression analogous to the Einstein action was given






h δh , (16)
where A
(d−2)
h is the volume of the hinge and δh is the deficit angle there. On the lattice the action is







g R , (17)
and indeed it has been shown [7, 8, 9] that IR tends to the continuum expression as the Regge block size (or
some suitable average edge length) tends to zero in the appropriate way.































In the following we will focus on the Regge term (proportional to k) only.
Variation of IR in Eq. (16) with respect to the edge lengths gives the simplicial analog of Einstein’s
equations, whose derivation is significantly simplified by the fact that the variation of the deficit angle is






h ) δh , (20)
as happens in the continuum (where one also finds that the variation of the curvature gives rise to a total
derivative).
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In three dimensions the above action gives for the equation of motion δh = 0 for every hinge in the lattice,






δh cot θph = 0 (21)
where the sum is over hinges (triangles in four dimensions) labeled by h meeting on the common edge p, and
θph is the angle in the hinge h opposite to the edge p. The above equation is the lattice analog of Eq. (9)
for pure gravity and vanishing cosmological constant.
A numerical solution to the lattice equations of motion can in general be found by appropriately adjusting
the edge lengths according to Eq. (21). Since the resulting equations are non-linear in the edge length
variables, slight complications such as the existence of multiple solutions cannot in general be ruled out,
although for sufficiently weak fields one would expect the same level of degeneracies as in the continuum [7].
Several authors have discussed applications of the Regge equations to problems in classical general relativity
as discussed extensively in the references in [10]. The relevance of the Bianchi identities to a numerical
solution to the lattice field equations, using for example a 3 + 1 time evolution scheme, resides in the fact
that they can be used to check the overall accuracy and consistency of the numerical solutions.
The Bianchi identities also play an important role in the quantum formulation. In a quantum-mechanical
theory of gravity the starting point is a suitable definition of the discrete Feynman path integral [11, 12, 13].
In the simplicial lattice approach one starts from the discretized Euclidean path integral for pure gravity,


















λ Vh − k δhAh + a δ2hA2h/Vh + · · ·
)}
. (22)
The above UV regularized lattice expression should be compared to the continuum Euclidean path integral






















µνρσ + · · ·
)}
. (23)
In the discrete case the integration over metrics is replaced by integrals over the elementary lattice degrees
of freedom, the squared edge lengths. The discrete gravitational measure in ZL can be considered as the
lattice analog of the DeWitt continuum functional measure [11, 13]. A cosmological constant term is needed
for convergence of the path integral, while the curvature squared term allows one to control the fluctuations
in the curvature [12, 13]. In the end one is only interested in the limit a → 0. In this limit the theory
depends, in the absence of matter and after a suitable rescaling of the metric, only on one bare parameter,
the dimensionless coupling k2/λ.
In the quantum theory the Bianchi identity of Eq. (7) is still satisfied as an operator equation, and
ensures the consistency of the quantum equations of motions. An attempt has been made in ordinary lattice
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nonabelian gauge theories to replace the functional integration over the gauge fields by an integration over
field strengths, subject to the Bianchi identity constraint [14]. In the case of gravitation such an approach
is more difficult, since the analog of the gauge field is the affine connection, and not the curvature tensor.
2 Lattice Parallel Transport
To construct the lattice Bianchi identities we will follow a strategy similar to the one used in the derivation
of the exact lattice Bianchi identities in non-abelian lattice gauge theories. There the Bianchi identity can be
obtained by considering the path-ordered product of gauge group rotation matrices, taken along a suitable
closed path surrounding a cube. The path has to be chosen topologically trivial, in the sense that it can be
shrunk to a point without entangling any plaquettes [14, 15].
Let us therefore first review the notion of parallel transport of a test vector around a small loop embedded
in the lattice. Consider a closed path Γ encircling a hinge h and passing through each of the simplices that
meet at that hinge. In particular one may take Γ to be the boundary of the polyhedral dual area surrounding
the hinge.
For each neighboring pair of simplices j, j + 1, one can write down a Lorentz transformation L νµ , which
describes how a given vector φµ transforms between the local coordinate systems in these two simplices,
φ′µ =
[




Now in general it is possible to choose coordinates so that L νµ is the identity matrix for one pair of simplices,
but then it will not be unity for other pairs. The above Lorentz transformation is directly related to the















The connection here is intended to only have support on the common interface between the two simplices.
Next we will consider the product of rotation matrices along a closed loop Γ. The path can entangle
several hinges, or just one, in which case it will be called a closed elementary loop. On the lattice the effect
of parallel transport around a closed elementary loop Γ is obtained from the matrix
[∏
j























with lρ(a) and l
ρ
(b) two vectors forming two sides of the hinge h. We note that in general the validity of the
lattice parallel transport formula given above is not restricted to small deficit angles.
For a closed path Γ, the total change in a vector φµ which undergoes parallel transport around the path
is given by








For smooth enough manifolds, the product of Lorentz transformations around a closed elementary loop Γ




















µρσ is the curvature tensor and Σ
ρσ is a bivector in the plane of Γ, with magnitude equal
to 1/
√
2 times the area of the loop Γ. (For a parallelogram with edges aρ and bρ, Σρσ = 12 (a
σbρ − aρbσ)).





Comparison of Eq. (3) and Eq. (6) means that for one hinge one may make the identification
RµνρσΣ
ρσ → δhU (h)µν . (8)
It is important to notice that this relation does not give complete information about the Riemann tensor,
but only about its projection in the plane of the loop Γ, orthogonal to the given hinge. Indeed the deficit













(gµρgνσ − gµσgνρ)eµaeνb eρaeσb
, (9)
which represents the projection of the Riemann curvature in the direction of the bivector ea ∧ eb.
The lattice Bianchi identities are derived by considering closed paths that can be shrunk to a point
without entangling any hinge. The product of rotation matrices associated with the path then has to give
the identity matrix [1, 3]. Thus, for example, the ordered product of rotation matrices associated with the
triangles meeting on a given edge has to give one, since a path can be constructed which sequentially encircles
all the triangles and is topologically trivial
∏
hinges h







= 1 . (10)
Other identities might be derived by considering paths that encircle hinges meeting on one point.
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